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1. Phys. A: Math. Gen. 26 (1993) 5873-5880. Printed in the UK 

Signatures of finite representation of real, simple Lie 
algebras 

A N Rudy 
Department of Mathematics, Byelarussian State Polytechnical Academy, Searioa ay., 65, 
Minsk, Republic Byelarus 

Received 21 January 1993 

Abstract. m e  paper deals with the arbitrary irreducible representations of simple Lie' 
algebras of types C,, F,, E,, C,, D, and the Hermitian forms being invariant relative to this 
representation. Formulas and tables for calculating Hermitian forms signatores are 
obtained. 

1. Introduction 

Consider an irreducible reprepresentation p:g+sl(V) of simple complex Lie algebra 
g. Let ,I be the highest weight, and let f i  be the character of the representation p. 
Denote by go any real form of inner type for the algebra g. From [l] it follows that 
p(gv)csu@,q), wherep+q=dim V. Let 6 = p - q .  Formulasfor calculation of 6 in 
the case of simple classical Lie algebras were obtained in [l]. Formulas for 161 in the 
case of real algebras G, FZ, FZZ, so@, q )  where obtained in [Z] and 131. Finitesub, q) 
representations were considered in [4]; in particular, the formulas for 6 in the case of 
algebras su(1,l) Su(2, l), su(Z,2), su(3,l) where obtained there. 

2. Dellnitions 

Let g, be the fixed compact real form of the algebra g, and let 5 be the conjugation of 
the algebra g with respect tog, Consider an involution 8 of the algebra g such that 
y = g r  Then g,= (1 +e)&+ (1 - qg,. Let o = d =  eoz, go= (1 + e)g, + 
- l(1- 0)g,. Therefore go is a real form of the algebra g, and U is a conjugation of 

the algebra g with respect to go. The real form is called the real form of inner type, if 0 
is an inner automorphism of g,, that is 0 E Int(gc). Suppose f is a Cartan subalgebra of 
the algebra g, such that O(t) = t, h is a Cartan subalgebra of g such that f = h, R is a 
root system associated with the pair (g, h). Let B ( , )  be a Killing form of g, and let 

be a positive debite scalar product on t. Let a ER; by Ha denote an element of h such 
that B(H., H) = a Q  for all  HE^. Define the embeddingV:R-,t by V(a)  = 2 x m  
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H, for all a E R .  Suppose U= {a,, . . . , a,} is a set of the simple roots of R, {H&, is a 
basis of t such that (Hi, aj)=bii, i, j =  1 , .  . . , r. If Oe Int(gJ, then without loss of 
generality e=exp(ad(Hd2)) for some io, l e i o < r  [SI. Let Rrbe the root system dual 
to R, that is 

Suppose W is a Weyl group of R, P(R") is a group of weights for R" [6], and 
W:= Wv*P(R") is a semiduect product of the groups Wand P(R").  

3. The formula for IS1 

From [l] it follows that q(g,,) csu@, q) if and only if there exists a linear operator A 
on V such that 

dO(x)) =A%W vx€g (1) 
and A'= 1. Furthermore, lTrAl=161. From [Z] it follows that if O=exp(ad(Hb/2)), 
then there exists a weight vectors basis of g-module V such that A is diagonal in it. 
Furthermore . 

IdI=ITrAI = I%(Hi&))I (2) 
where is the character of the irreducible representation q. Consider a function 

Al+,(H) = det s e x p ( 2 n G ( s ( A  + p) ,  H)) 
be W 

where 

is half the sum of the positive roots R, and W is the Weyl group. Then [5] 

A,(H) = ( 2 G ) '  n sin(x(B. H)) 
+%R,B>o' 

(3) 

where 1 is the number of positive roots. From the Weyl character formula 
A,(H)%(H) =AI+,(H) it follows that 

where H=HJ2. For all f? such that f?= w(Hk/2), where W E  Wi, it follows that 
(61 = I%(H&)l= I%(fi)l. So we can give the following definition. The elements HI, Hz 
are called equivalent if there exists S E W  such that s(Hl) - H 2 e P ( R " ) ,  and we shall 
write HI H2(mod P(R")).  

Theorem 1. Let g, be a real form of simple complex algebra g, O=o.r= 
exp(ad(H,/2)), and the character of the irreducible representation q:g+sI(V). 

The foregoing proves the theorem. 
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Then p@Jcsu(p ,q) ,  and 6 = p - q  satisfies formula (4), where H=H,12 
(mod P(R )). 

4. The esSeg-G,, g.=G [2] 

The extended Dynkin diagram for Gz is 

We shall take the roots realization from [6],  ~~ it is lall = fi, I%l= V'6. The element 
H =  Hz12 defines automorphism O= exp(ad H). Let o l ,  o2 be basis representations of 
G2. This means that 

Then 

Furthermore 

Hence from (4) it follows that 

Let A=A,wl+&02 be a highest weight of the representation q. The limit in (4) 
depends on whether A,, A2 are even or odd. Thus from (3) and (5) table 1 is derived for 
the calculation of 6. 

Table 1. ?be signatures 161 of the represen. 

tation OCO of G. 
21 h 

Symbol e(u) in the column A; denotes an 
even (odd) Ai. 
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5. The case g=F,, g.=F I1 

The extended Dynkin diagram for F4 is 

Weshailtaketherootsrealizationfrom[6],that i s ~ a J = ~ ~ ~ = ~ ,  la31=la41=1. The 
element H = H412 defines automorphism 6 = exp(ad H). Let ol, w2, os, w, be basis 
representations of F4. Then H I  =ai, H2 = 02, H3 = 203, H4 = 2w4. Furthermore 

= p +  2a, +4a2 + 6as + 3a4=p + 3a4=p- a, -p(mod P(R”)).  

Hence from (4) it follows that 

Let 

be the highest weight of the representation p. The Limit in (6) depends on whether As, 
A, are even or odd. From (3) and (6) table 2 is derived for the calculation of 6. 

r, ~r 2, 2, 
TableZ. The signatures 161 of the representation 0-0 $0-0 of FII.  

Symbol e (0 )  in the column A j  denotes an even (odd) 6,. Symbol a denotes any 
independent of whether it is even or add. The elements A,, i= 1, . . . ,24, must be taken 
from table 3. 
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Table3. TheelementsA,( i=l , . .  , ,24)whicharethescalarproducts(p,i+p),peR, 
p>0. 

A l = i 2 + l  
AS = I ,  +A,+ 2 
A,=f(U,+U,+d,+S)  
A,,=&+L3+2 
A,,=& +U,+& + 4 
A , , = f ( U ,  + 4A2 + U1 +d4 + 9) 
Am=1,+U,+A3+&+5 
AB =A, + 3 4  +U, + A, + 7 

~ 

'"1 a2 A, 4 
Table4. The signatures 161 of the representation o-ofo-o of F I  

The elements A,, i= 1 ,  . . . ,24, have the Same meaning as in table 2. 

TableS. The signatures 101 of the representation o f  o of saoLI, Ai % 
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Table6 g=sq(C).  

ZG 0 

Z G  
so,,, w f o  

W ~ O  

w f o  & a , t l ) ( a , t l ) ( a , t a , t 2 )  

ZG 0 

&A, t.2, tZ)(A, tuz t A ,  t 4)(& tA, t2)  

+&(a,+ l)@, +a2 +a,+ 3)(& +a, t 2) 

&a2 t I))(& t a,+& t3)(a, tu, t a, t 4) 

D I  ? 

r o  c 

0 0  e 

Z& &U, t a l +  3)@, t& t 2)(A, t % t a l +  4)(a,td, t 2) 

sot,r Z& ~ u ,  t.i~+1,+7)(a, t i)(a, t A 2  t k  +3)(a, t a , + z )  

w f o  612, -a, t il(&t t&tg  t 3)(a, +U, t a ,+4)  

w f o  gu,t4a,tU,+9)(a,+l)(&tl)(a,t&tZ) 

1 0  e 

* o  I 

Table 8. g=spJC), g,=sp,,,. 
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Table 10. g=so&), g.=sod.l. 

sa79 

I 

A.0 14 
e * e  

0-0-0 

I 

I 

&A, t n, t 2)(A, t,& t A, +A, t 4) (A*+~~+z) (n ,  t A, t 2) 

&A, t A 2  t&+3)(n, t 1)(& t A 1 t A 4 t 3 ) ( A ,  t&t& t 3 )  

e o  
I o c  
0-w 

e o  
L) e *  

0-w 
I &A1+ 1 ) (A~+1) (d , t1 ) (A , tU , tA , tA ,+5)  

0 0. 
in other 0 
cases 

Symbols e(o,n) have the same meaning in tables 1-10, 

6. The case g=F,, g.,=FI 

The element H =  H, /2  de6nes automorphism 0 = exp(ad H). Similarly 
1 1 + H2 + H3 + H4 =-(p + % + 303 + 30 )=-(p+W3 HI - HI 

2 2  2 - 2  
_=_ 

+ o4 - a, - 2 q -  2a,- 2a4) -Hp+ w3 + w4)(mod P(R")). 

Note that 

Hence from (4) it follows that 

The limit in (7) depends on whether A,, A*, A3, A4 are even or odd. From (3) and (7) we 
derive table 4 for the calculation of 6. 

7. The case g=so, (0 

The extended Dynkin diagram for Bz is 

We shall take the roots realization from 161, that is l a l l = ~ ,  1a21=1. The element 
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H = H2/2 defmes automorphism 0 = exp(ad H) for algebra sol,+ Let ol, w2 be basis 
representations of Bz. Then HI =wl ,  Hz =h2. Furthermore 

H2 Hz -E-+ H I  = oz + o1 =p(mod) PR")). 2 2  

Hence from ( 4 )  it follows that 

The element H = H1/2 defines automorphism 0 = exp(ad H) for algebra so2,,. Similarly 

-E- H I  HI +H - - w l + 2 0 z = ~ ( p + 3 w Z ) = 2 ( p + w ~ ) ( m o d P ( R " ) ) .  1 1 1 
2 2 2 - 2  

Note that 

Hence &om (4) it follows that 

Let I=l ,wl+A,w2 be the highest weight of the representation p. The limits in (8) and 
(9) depend on whether A,, Az are even or odd. Similarly, from (8) and (9) we derive 
table 5 for the calculation of 6. 

8. The - g=sodQ, sodQ VAC) 

Discussing this in the same way, we obtain tables 6-10 for the calculation of 161. 
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